In this paper we consider a class of exactly solvable closed string flux backgrounds that exhibit non-commutativity in the closed string coordinates. They are realized in terms of freely-acting asymmetric Z N -orbifolds, which are themselves close relatives of twisted torus fibrations with elliptic Z N -monodromy (elliptic T-folds). We explicitly construct the modular invariant partition function of the models and derive the non-commutative algebra in the string coordinates, which is exact to all orders in α ′ . Finally, we relate these asymmetric orbifold spaces to inherently stringy Scherk-Schwarz backgrounds and nongeometric fluxes.
Introduction
It has been known since the work of [1] [2] [3] [4] that non-commutative geometry can naturally arise in open string compactifications by turning on a constant B-field or an abelian magnetic field on the worldvolume of a D-brane. In particular, the presence of nontrivial magnetic flux leads to a shift in the frequencies of string oscillators and, hence, to non-trivial commutation relations for the open string coordinates. Furthermore, it was argued [3] that the low energy effective theory of such compactifications admits an equivalent description in terms of a gauge theory on a non-commutative space.
On the other hand, in the case of closed strings, turning on a constant B-field typically preserves the commutativity of the coordinates. However, it has been pointed out in recent works [5] [6] [7] [8] that non-commutativity or even non-associativity may arise in closed string compactifications in the presence of non-trivial (non-geometric) fluxes. The starting point in these works was to consider special flux backgrounds, in particular, non-trivial fibrations of a two-torus over a one-dimensional circle. Whenever the transition functions of this fibration are the standard diffeomorphisms, one is dealing with geometrical flux backgrounds. If, however, the transition functions also include some stringy T-duality transformation, the corresponding backgrounds have only locally the structure of a Riemannian manifold with fluxes. From a global perspective, these are no longer manifolds but, rather, fall into the class of so-called T-folds [9] and one speaks about non-geometric flux backgrounds (Q-fluxes) [10, 11] . Moreover, there is reason to assume that there exist other, more exotic non-geometric string backgrounds (R-fluxes), that do not even admit a local Riemannian description. As shown in [5] [6] [7] [8] , the closed string coordinates for these classes of non-geometric backgrounds typically become non-commutative or even non-associative.
On many occasions, it so happens that geometric and non-geometric backgrounds can be related to each other by T-duality. In fact, a particular class of three-dimensional torus fibrations exhibits a nice chain of three T-dualities [10] , which connect four different background spaces: the flat torus with constant H-flux (the H-background), the twisted torus with geometric metric ω-flux (the ω-background), the non-geometric T-fold with Q-flux and, finally, a more speculative background with R-flux:
In Q-flux backgrounds the coordinates of the fiber torus do not commute, while in the case of the R-flux background the full non-associative structure among all three coordinates becomes visible. This structure was nicely illustrated in [5] , where a three-torus with so-called elliptic Z 4 -monodromy was investigated: the coordinates of the geometric ω-background are clearly commuting, whereas the T-dual torus coordinates of the non-geometric Q-backgrounds are non-commuting, with the dual momentum of the circle direction appearing on the right hand side of the commutation relation. Note that, in the first case, the Z 4 -monodromy acts left-right symmetrically on the coordinates of the two-torus, whereas in the latter, T-dual case, the Z 4 -action on the torus is left-right asymmetric. Hence, one recognizes that closed string non-commutativity and non-associativity generically depend on the chosen T-duality frame and is not a T-duality invariant notion per se. This suggests that the framework of doubled field theory [12] , where one is considering coordinates as well as dual coordinates on more or less equal footing, is a suitable framework for studying non-commutativity and non-associativity in closed string theory.
over, it is important to note that the asymmetric orbifolds we construct are not T-dual to symmetric ones and, in this sense, they can be considered as 'truly' asymmetric 3 . The paper is organized as follows. In Section 2 we recall some facts about twisted torus compactifications, the rôle of monodromies and T-duality and how closed string non-commutativity appears in this class of background spaces. In Section 3 we introduce freely-acting (a)symmetric Z N -orbifolds as limiting solvable cases of the more general twisted tori and construct their modular invariant partition functions. In Section 4, we proceed to obtain the non-commutative coordinate algebra for this class of freelyacting asymmetric orbifolds. Finally, in Section 5, we relate the above backgrounds to 'asymmetric' Scherk-Schwarz compactifications with non-geometric fluxes.
Torus fibrations, T-folds and Non-commutativity
In this section we review some basic notions of generalized Scherk-Schwarz compactifications and their relation to T-folds and closed string non-commutativity. In certain cases, it is known that such backgrounds may admit an exact CFT description in terms of freelyacting orbifolds and, hence, they may provide useful tools for studying string theory in such non-geometric setups 4 . String theory compactified on a N-dimensional torus T N has a T-duality symmetry given by the group O(N, N; Z), of 2N-dimensional matrices g with integer entries preserving the indefinite O(N, N; Z)-invariant metric L:
The matrices g can be parametrized by the d-dimensional matrices a, b, c, d :
satisfying the following conditions:
The action of T-duality on the metric G, antisymmetric tensor B and dilaton Φ is non-linear and is given by the Buscher rules [21] :
3 The importance of such constructions was noted, for example, in [19] . For further discussion on the relation between asymmetric orbifolds and non-geometric backgrounds see also [20] . 4 Our convention throughout the text will be α ′ = 1.
3 with E = G + B. These were derived by using methods of gauged sigma models [21] [22] [23] [24] , in which different gauges give rise to different T-dual backgrounds. Strictly speaking, the existence of a global isometry which can be gauged is crucial for this procedure to be carried out. However, it has been argued [25] that, in certain cases, one might still be allowed to perform a T-duality, using the Buscher rules (5), even in the absence of such isometries. In a (generalized) Scherk-Schwarz mechanism one compactifies further on a circle S 1 and the reduction can then be twisted by a non-trivial O(N, N; Z) monodromy, corresponding to the T-duality symmetry of string theory on T N . In this case, the fields are allowed to carry non-trivial dependence on the circle coordinate, X. The most common example is that of the twisted torus. It corresponds to a T N -torus fibered over S 1 with monodromy of the form:
This monodromy matrix defines the embedding of the geometric subgroup GL(N; Z) into the T-duality group O(N, N; Z). Notice that an element a ∈ GL(N; Z) corresponds to a large diffeomorphism of the T N -fiber. Indeed, going once around the S 1 -circle, i.e. under the transformation X → X + 2π, we see that E transforms as:
which corresponds to a transition between two patches in the base space S 1 . Hence, the total space of the bundle, for twists inside the subgroup GL(N; Z), defines a classical geometric string background and one can still distinguish between the metric G and Bfield, with the corresponding tranformations being given by G ′ = g a Gg T a and B ′ = g a Bg T a . The example of a twisted three-torus T 3 has been considered often in the literature as a toy model to illustrate how non-commutative geometry [5] can arise in string theory or to argue about the existence of more general non-geometric fluxes [10, 11] (e.g. Q-fluxes and R-fluxes). Let us consider a torus T 2 fibered over S 1 with coordinates X 1 , X 2 on the fiber and X on the base 5 . The metric of the total space is of the of the following form:
with the complex structure τ = τ 1 +iτ 2 of the fiber being, in general, a non-trivial function of the base space coordinate.
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Performing a T-duality in the X 1 direction takes one to a string theory compactified on a T 3 -torus with non-trivial H-flux. Indeed, making use of the Buscher rules one obtains a B-field of the form:
where the function τ (X) has now the interpretation of a Kähler modulus and the corresponding H-flux is given by:
Let us now consider a simple example where the T-dual theory contains constant Hflux. This can arise from a parabolic monodromy g a , with a ∈ GL(2; Z) corresponding to integer translations:
Indeed, the T-dual B-field and corresponding H-flux will now take the form:
Another important class of torus fibrations is given by elliptic monodromies, which act on the toroidal coordinates as rotations. For example, consider the monodromy corresponding to a Z 4 ⊂ O(2; Z) rotation:
resulting in an SL(2; Z)-transformation of the complex structure of the fiber:
Notice that, for τ (X) = i, the complex structure is a fixed point of the above transformation. At this point in moduli space, the fibered torus admits an exact CFT description in terms of a freely-acting Z 4 -orbifold, corresponding to the minimum of the Scherk-Schwarz potential for the complex structure, [26, 27] . One can diagonalize the Z 4 rotation (13) by introducing complex coordinates Z =
and, hence, obtain the following twisted boundary conditions:
with the angle θ depending on the winding number n X in the S 1 -direction:
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Even though the complex structure τ (X) (or the H-field, in the T-dual picture) is a nontrivial function of the base coordinate X and the σ-model is, in general, non-linear, one could still write down a mode expansion for the fiber coordinates subject to the twisted boundary conditions (15) , with the understanding that the result is only a lowest-order approximation in the ω-or H-flux (and in α ′ ). Introducing the usual left-and rightmoving coordinates Z L,R , one obtains:
Similar expansions hold for the complex conjugates,Z L,R . The usual quantization procedure then leads to the familiar bosonic oscillator algebra for the complex-conjugate Fourier modes:
Explicit calculation then yields the equal-τ commutation relations for the coordinates 7 :
For the right-moving coordinates, a similar calculation yields the same function Θ, but with the opposite sign:
In order to obtain a local result, one should carefully investigate the limit σ → σ ′ . Since in this limit, the series representation (19) is naively divergent, it has to be defined through analytic continuation. To this end, upon introducing the complex variable z = e i(σ ′ −σ) , the function Θ can be neatly represented in terms of hypergeometric functions:
which can then be analytically continued to z → 1. The final result for Θ is given in terms of elementary functions:
modulo the discontinuity at θ ∈ Z, arising from the subtraction of the zero mode in (19) . As expected for a geometric background, the twisted torus leads to commutative coordinates:
where we have expressed the commutation relations in terms of the original coordinates X 1 , X 2 of the torus fiber. Nevertheless, performing a T-duality in the X 1 -direction, one is lead to a non-commutative coordinate algebra. Indeed, introducing the dual coordinatẽ
The same commutation algebra arises by imposing from the very beginning the following asymmetric boundary conditions:
which are highly reminiscent of an asymmetric orbifold 8 . The first line in eq. (25) corresponds to the Z 4 -action:
whereas the second line now gives for the right-moving sector:
These asymmetric rotations define the following monodromy element g of the O(2, 2; Z) T-duality group:
Notice that g is no longer an element of the geometric subgroup GL(2; Z). The arguments presented above, hence, support the following conclusion. In stringy Scherk-Schwarz compactifications, non-commutativity for the closed string coordinates can arise whenever the monodromy matrix g ∈ O(N, N; Z) is not an element of the geometric subgroup GL(N; Z). Furthermore, for special points in the moduli space of the theory, an exact CFT description in terms of freely-acting asymmetric orbifolds may exist for such non-geometric 8 More general asymmetric rotations are possible for other choices of θ L and θ R , provided they are compatible with modular invariance. In this case, the algebra of coordinates becomes [
models. Of course, the construction of asymmetric orbifolds is not automatic. In general, modular invariance severely constrains the space of consistent asymmetric orbifold vacua (see for example [28] ). In the next sections we will present explicit constructions of freely-acting asymmetric toroidal orbifolds and show how non-commutativity arises in these setups, by determining the structure constants of the non-commutative algebra and relating them to non-geometric Scherk-Schwarz fluxes. In particular, our results will be exact to all orders in α ′ . Before ending this section, however, it will be instructive to comment on the relation of these constructions with the notion of T-folds. A T-fold 9 [9] provides a natural geometric interpretation for stringy Scherk-Schwarz compactifications with T-duality twists. By definition, on a T-fold, the fields (e.g. metric G and B-field) are defined globally only up to T-duality transformations. Given the monodromy matrix g in (3), going once around the base space S 1 of the Scherk-Schwarz fibration implies:
One can then build a geometrical bundle by enlarging the fiber space to include, aside from the torus coordinates X = (X 1 , ..., X N ), also the corresponding dualsX = (X 1 , ...,X N ), such that the action of the monodromy matrix g ∈ O(N, N; Z) on the doubled T 2N -torus is purely geometric:
In principle, however, this treatment implies a doubling of the number of degrees of freedom. One should then introduce additional constraints on the T 2N -bundle which, essentially, amount to imposing that X I L,R = X I ±X I are indeed left-and right-moving coordinates. A consistent choice of T N -subbundle will then define locally a notion of space-time. The interpretation of the double torus bundle is that the enlarged space includes now all possible T-duals and a different choice of duality frame (polarization) takes one from a given model to its T-dual.
The connection of T-folds to freely-acting orbifolds can also be seen in the following way. A symmetric orbifold is given by an (abelian) finite group Γ sym , which is a subgroup of O(N; Z) inside the geometric GL(N; Z)-group. In our discussion of twisted tori we have seen that the boundary conditions for elliptic monodromies are indeed similar to those of a symmetric orbifold. On the other hand, in the case of asymmetric orbifolds one is dealing with a finite group Γ asym , which is, instead, a subgroup of O(N; Z) L × O(N; Z) R , which, in general, is not contained in the geometric GL(N; Z)-group. Hence, freely-acting asymmetric orbifolds yield non-trivial T-folds.
Freely-acting Asymmetric Orbifolds
As outlined in the previous sections, the consistent study of non-commutative effects in string theory necessitates a treatment that is exact to all orders in α ′ . Following the logic of the Section 2, we are lead to consider the propagation of strings in flux backgrounds which admit an exact CFT description, hence, allowing us to consistently study the emerging non-commutativity.
A natural candidate is provided by a class of freely-acting asymmetric Z N -orbifolds. The advantage of considering such backgrounds is that the corresponding worldsheet CFT is locally free, allowing us to obtain exact mode expansions for the internal coordinates and their commutators, [X I , X J ]. As we will see in Section 5, due to their freely-acting structure, the orbifolds we construct admit a target-space interpretation in terms of nongeometric U(1)-flux along the non-commutative directions. This is the generalization of the Scherk-Schwarz mechanism [18] to string theory, [33] [34] [35] (see also [36] ).
We will start with the construction of a simple class of freely-acting asymmetric orbifold models. To illustrate the consistency of the models, we will explicitly display their modular invariant partition function. Even though in the present section we will focus on the orbifold picture, the discussion of Section 2 clearly implies that these models should be considered as special solvable points in the moduli space of more general, non-geometric Q-flux backgrounds. Hence, our results will be exact to all orders in α ′ and to all orders in the (quantized) value of the flux 10 .
Construction of asymmetric Z N -orbifolds
The constructions we present will be Type II (freely-acting) asymmetric orbifold models with 4 ≤ N 4 < 8 spacetime supersymmetry, compactified on (S 1 × T 5 )/Z N . The action of the Z N on T 5 will be specified below. Let us also note that the restriction to Type II theories is only a convenient choice, as our results can be extended to Heterotic theories in a straightforward fashion.
We will start our discussion by considering an N-dimensional torus T N ⊆ T 5 , that is locally factorized from an S 1 -circle of radius R. We will then proceed by defining the action of Z N on this manifold and derive various consistency conditions, such that the theory is a well-defined asymmetric orbifold. In fact, in what concerns the T N , we will restrict our attention to asymmetric orbifolds where the Z N acts non-trivially only on the left-moving degrees of freedom. To this end, the discussion in this section refers to the left-moving worldsheet fields. It is then easy to extend the construction to the right-moving sector in order to define symmetric orbifolds as well.
Another point concerns the dimensionality of the torus, which we keep arbitrary at this point. As we will discuss later in this section, asymmetric orbifolds are highly constrained by modular invariance and by the requirement that the left-and right-moving CFTs factorize. The possible constructions, hence, depend highly on the dimension N of the torus.
Let us take the N-dimensional torus T N to be parametrized by coordinates X I , with I = 1, . . . , N ≤ 5 and, further denote the coordinate associated to the S 1 -circle by X. We will restrict ourselves to the case where the orbifold acts as a permutation P (including a possible 'reflection') only on the left-moving coordinates of T N , while leaving the right-movers invariant. Furthermore, in order to eliminate fixed points and generate a free action, we will couple this to a shift both in the momenta and windings of the S 1 -direction in the orbifold basis. The orbifold element can be expressed, hence, as:
where Q L is the generator of permutations (with possible reflections) of the left-moving T N coordinates and δ is an order 1/N-shift in the S 1 -direction. Of course, since we are considering an asymmetric orbifold, the construction can only take place at special points in the moduli space of the theory, where the CFT factorizes and purely left-moving lattice isometries exist. For simplicity, the models will be constructed at the fermionic point, where chiral bosons can be defined through fermionization [37] .
We shall now define the orbifold action on the left-moving X I -coordinates of T N . Consider the permutations (with a possible reflection) defined by the matrix: 
where we display the orbifold action on the relevant coordinates only. Notice that in the absence of reflection (ǫ = +1), this corresponds to a Z N -orbifold. On the other hand, including a non-trivial reflection (ǫ = −1), leads to an enhanced Z 2N .
We can now pick a basis that diagonalizes P (ǫ) as follows. If {λ I } is the set of eigenvalues of P (ǫ), then we can define the linear combinations:
which are the eigenvectors of P (ǫ) with eigenvalues:
Notice that the new coordinates Z I can be either real or complex depending on the corresponding eigenvalue λ I .
We now fermionize the T N coordinates of the original basis as:
where y I , ω I are real (auxiliary) free fermions. The change of basis is then defined by the unitary matrix:
Note that the ǫ-dependence of this matrix arises only implicitly, through the appearance of ν = 1 4
(1 − ǫ) in the eigenvalues. Explicitly, the change of basis on the coordinates and their fermionic (worldsheet) superpartners is:
In this basis, the orbifold acts simply as a rotation by a phase:
The action of the orbifold on the auxiliary free fermions is:
Notice that the ω-fermions always transform under the orbifold as a pure permutation (ǫ = 1), in order for their product y I ω I to correctly represent the orbifold action on the bosons ∂X I . Hence, the correct basis redefinition for the auxiliary free fermions is:
It is, again, crucial that the ω-fermions change basis as if there was no reflection (ǫ = +1 or ν = 0). In the new basis {Z I , Ψ I }, the coordinates and their fermionic superpartners generically arise as complex worldsheet fields. Complex eigenvalues always come in pairs (λ * = ǫλ N −1 ), so that we can group the associated coordinates such that Z I , Z J are complex conjugate to each other and similarly for Ψ I , Ψ J . This complexification is, in fact, crucial for the consistency of our asymmetric construction and it will permit us to represent the partition function of the theory in terms of simple level-1 characters.
In terms of the fermionization fields Y I , W I , we can represent the orbifold action P (ǫ) on the T 5 -coordinates as:
It is important to note that the Z I are not fermionized into the simple product Y I W I but, rather, into a linear combination of fermion bilinears:
where the Kronecker δ-function restricts the sum to those K, L which satisfy the constraint (I − K − L + 1) mod N = 0. This constraint picks up precisely the combinations that correctly reproduce the Z N -transformation of ∂Z I , as expected. The above fermionization of the coordinates is only consistent at the fermionic point in moduli space. In our conventions, this is a square lattice G IJ = r 2 δ IJ , with r = 1/ √ 2 being the fermionic radius. The orbifold action typically introduces additional constraints. First of all, a non-trivial requirement is that the orbifold action P (ǫ) must be a symmetry of the local N = 1 superconformal theory (SCFT) on the worldsheet. It is straightforward to check that both T B and T F of the internal SCFT are invariant, since at the fermionic point the orbifold acts crystallographically:
where stands for the sum subject to the constraint I + J ∈ NZ + 2(1 − ν) and the dots denote contributions of the remaining coordinates in T 5 that are not transformed, as well as the contributions due to the (super-)ghosts and the S 1 (super-)coordinate. Of course, at the fermionic point, T B and T F can be realized entirely in terms of the free fermions ψ I , y I and ω I and similar relations hold. In particular, the correct implementation of the orbifold projections require the presence of well-defined R-symmetry charges, J = ΨΨ, reflecting the mutual locality of OPEs between vertex operators in the left-moving CFT. Hence, this implies that the free fermions {Ψ I , Y I , W I } can always be grouped into complex conjugate pairs, so that the currents 11 :
remain invariant under the orbifold action. Obviously, this is always the case for the fermions Ψ I , Y I , W I corresponding to complex eigenvalues λ I . The case of fermions corresponding to real eigenvalues λ = ±1, however, is more subtle. Unless the fermions transforming with λ = −1 can be grouped into complex pairs to form invariant currents, the fermionization will lead to non-local OPEs in the CFT and to the breakdown of the modular invariance of the theory. This is, essentially, equivalent to the requirement of a consistent particle interpretation (unitarity) [17] .
After this general discussion, we can now return to the case of T 5 × S 1 and identify the possible consistent asymmetric orbifolds that may be obtained from our construction. We start with the pure permutations (ǫ = +1) and note that for odd N (corresponding to Z 3 and Z 5 acting on T 3 and T 5 , respectively), all eigenvalues except for the identity are complex. For even N (acting on T N ), however, there is always a single λ = −1 eigenvalue. In the case of Z 2 , one may extend the action over T 4 ⊂ T 5 , simply by defining the Z 2 -permutation directly on the complexified (super-)coordinates of T 4 . In the case of permutation with reflection (ǫ = −1) acting on T N , there arises a subtlety due to the fact that the Ψ I , Y I -fermions are permuted with reflection (according to P (−1)), whereas the W I -fermions only transform as pure permutations (according to P (+1)). As a result, if the orbifold action is restricted on T N , there will always be fermions transforming with λ = −1 that cannot be complexified. The only way out is, again, to extend the orbifold action to T 2N and define the permutation (with reflection) P directly on the complexified (super-)coordinates. The relevant case, here, is the N = 2 defined on T 4 , which acts as a Z 4 -rotation on each of the two T 2 -subspaces. Of course, one could have considered more general asymmetric orbifolds 12 . However, given our ansatz that the orbifold only acts on the left-moving part of a T 5 at the fermionic point, we are essentially restricted to the four cases: Z 2 , Z 3 , Z 4 and Z 5 described above.
Partition functions
Up to now we have been discussing the asymmetric Z N action on the left-moving T coordinates. In order to make the action of the orbifold free, that is, in order to ensure the absence of fixed points, we need to entangle the asymmetric rotation of the T 5 with a translation along the S 1 -direction as in (31) . The resulting orbifold will not contain twisted sectors nor will it enforce any projections to invariant states. Rather, it will have the effect of shifting the masses of states 'charged' under the Z N -rotation. We will work in the Scherk-Schwarz basis and start by writing the boundary conditions of the S 1 -coordinate along the two non-contractible cycles of the worldsheet torus as:
Before we define the torus partition function of the theory, it will be convenient to define the orbifold twist variables:
wherem, n ∈ Z are the winding quantum numbers around the S 1 , as each of the worldsheet coordinates σ 1 , σ 2 encircle the two non-trivial cycles of the worldsheet torus. We can now write the modular invariant partition function of the model (up to an overall τ 2 -power) in the following form:
Here, Z R [ 
As pointed out at the end of the previous section, the consistency of our construction requires that the worldsheet fermions in the diagonal Ψ I L -basis can always be separated into complex conjugate pairs (Ψ L ,Ψ L ) with the same spin structures and into real fermions that are invariant under the orbifold action. Assuming that a complex conjugate fermion
we can express Z L [ h g ] as:
where N f is the number of complex Ψ L -pairs. This expression is written with the understanding that complex conjugate pairs can always be grouped together into single θ-functions (of integral power) describing each conjugate fermion pair, consistently with the requirements of modular invariance. Notice the presence of the phase accompanying each θ-factor in the product. This phase arises naturally as the unique (continuous) deformation of the theory that preserves the modular properties. It can be seen as the 'back-reaction' of the theory in order to preserve modular invariance [33, 34, 36] . The contribution of the right-moving worldsheet fermions is that of the usual, undeformed Type II theory:
with µ = 0, 1 is a chirality choice, distinguishing between Type IIB and IIA theories, respectively. We now turn to the bosonic T 5 coordinates. In the original basis, the boundary conditions of the bosons include the same permutations as their worldsheet superpartners, given in (48):
Since we are working at the fermionic point, the partition function of the 'twisted' (5, 5)-lattice can be written entirely in terms of level-1 θ-characters. As before, we assume that complex fermion pairs f = (Y L ,Ȳ L ) and f ′ = (W L ,W L ) transform with the complex phases λ f = e 2πiq f /N and λ f ′ = e 2πiq f ′ /N , respectively. The fermionic lattice partition function is then written as:
where the integers N f , N f ′ stand for the total numbers of complex conjugate (Y L ,Ȳ L ) and (W L ,W L ) fermion pairs, respectively. Hence, the θ-functions outside the parentheses correspond to the invariant left-and right-moving coordinates, whereas the parentheses in the first and second line are the contributions of the twisted left-moving auxiliary fermions Y L and W L , respectively. Again, in all consistent orbifold models, all free fermions will be organized into pairs sharing the same spin structures, according to their eigenvalues, in order to form integral-powered θ-characters.
It is straightforward to check that the full partition function (47) is indeed modular invariant, up to an overall τ 2 -factor. Moreover, the partition function can be seen to arise as the modular-invariance preserving deformation of the ordinary toroidal compactification on T 5 × S 1 . It is compatible with the constraints arising from higher-genus modular invariance and factorization and, hence, defines a class of consistent orbifold vacua.
Finally, before we proceed further, it is instructive to make a comment on the form of the partition function presented above. In particular, expressed as in (47), the partition function exhibits manifestly the correlation of the fermion spin structures [ 
This representation in which the S 1 -lattice appears in its Lagrangian form is useful in making contact with the (fermionic) σ-model, as it is in this form that the partition function arises from the 1-loop path integral on the worldsheet torus. As we will discuss in the Section 5, it is in this picture that the freely-acting orbifold can be most naturally re-interpreted as a stringy Scherk-Schwarz flux.
It is straightforward to recast (47) into its Hamiltonian representation in the orbifold basis, which is the natural representation that arises if one considers the trace over the Hilbert space. This requires the redefinition of the winding summation variables as:
wheren,m are unconstrained windings and there is an independent summation over H, G ∈ Z N . Using the periodicity properties of Jacobi θ-functions, one may eliminate the winding dependence from the θ-characters, giving rise to additional phases. Finally, a Poisson resummation inm resets the S 1 -lattice into its Hamiltonian representation and the sum over H, G ∈ Z N now plays the rôle of the orbifold summation over 'twisted' sectors and their corresponding 'projections', whereas the resulting unconstrained summation variablesm,n are now naturally interpreted as the momentum and winding quantum numbers around the S 1 , respectively. The radius of the S 1 in the orbifold representation, R orb can be easily related to the corresponding radius R in the Scherk-Schwarz picture, through R orb = NR. This completes the equivalence between the two representations.
Non-commutativity from Non-Geometric Fluxes
So far, we have reviewed the construction of consistent freely-acting asymmetric Z Norbifolds. As discussed in Section 2, one has to keep in mind that these backgrounds are to be considered as (smooth) orbifold limits of string compactifications with nongeometric Q-fluxes (T-folds). We are now ready to examine the algebra of commutators of the internal coordinates, subject to the Z N -orbifold boundary conditions (38) . We will see that the asymmetric nature of the orbifold leads to a non-commutative algebra for the T N coordinates, the structure constants of which are nicely parametrized in terms of an asymmetric Scherk-Schwarz flux matrix F I J .
Non-commutative algebra
We will start by writing down the mode expansions directly in the basis Z I which diagonalizes the orbifold action. We restrict our attention to the left-movers:
where the modes satisfy the standard commutation relations:
Notice that:
is nothing but the inverse metric in the Z I -basis. It is convenient to parametrize the orbifold action P I J (ǫ) in terms of a real antisymmetric matrix F I J :
The reason is the following. As we will see in Section 5, the freely-acting asymmetric orbifolds we considered admit a natural description in terms of compactifications on nontrivial backgrounds with constant asymmetric Scherk-Schwarz flux, which will be precisely identified with F I J . One may keep in mind, however, that the flux matrix F I J is a different manifestation of the Q-flux, at the special orbifold point where the CFT is exactly solvable.
The deformation angle θ I = f I n is nothing but the F -flux eigenvalue f I times the winding number along S 1 and is related to the eigenvalue λ I through:
Explicitly, the matrix F I J can be easily constructed from its eigenvalues, ±if I :
and is given by the following expression:
where the square brackets in the upper limit of the sum denote the integer part. The commutation relations (56) should be supplemented with the 'reality condition':
which essentially reflects the fact that only commutators between complex conjugate pairs are non-vanishing.
We can now take a pair of coordinates and evaluate their equal-times commutator using (56), (57), and (62):
Setting z = e i(σ ′ −σ) , we can express the series as the linear combination of hypergeometric functions in (21) , which can then be analytically continued to z → 1 :
Going back to the original basis, the commutation relations between the full coordinates X = X L + X R become:
Note that the argument of the function Θ in (65) is now a matrix and the easiest way to define it is through its eigenvalues. Since F is at most five-dimensional and antisymmetric, it can always be expanded as:
with α, β complex coefficients that are determined by substituting in the eigenvalues of F , eq. (60). In the cases Z 2 , Z 3 and Z 4 , there is only a single complex eigenvalue 13 and, hence, β = 0. For the Z k orbifold with k = 2, 3, 4, the non-commutative algebra between the toroidal coordinates then takes the simple form:
13 In the Z 4 case with N = 2, ǫ = −1, the complex eigenvalue comes with multiplicity two because of the doubling of the orbifold action on T 4 .
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The case of Z 2 is special, because the r.h.s. vanishes identically and the toroidal coordinates remain commutative. This is, essentially, due to the fact that the Z 2 -action can always be reduced to a reflection of a real coordinate and, hence, it does not really 'entangle' different coordinates. Notice that in (67), the structure constants of the algebra are proportional to the flux F IJ itself. This simple behavior is not, however, true in general. In particular, the Z 5 -case has richer structure, because F I J then has two distinct complex eigenvalues and α, β are given as the linear combinations:
There is, hence, a second contribution to the structure constants (66) that is qubic in the flux. Before proceeding to analyze particular examples, it is instructive to comment on the structure of the general result (65). First of all, the stringy origin of the non-commutative behavior becomes manifest, by noticing that [X I , X J ] is always proportional to the string scale α ′ . Secondly, the explicit periodic dependence on the winding number n along the circle direction X, implies that only when non-trivial winding modes along S 1 can be excited, can one probe the non-commutativity in the toroidal coordinates. This is consistent with the fact that, in the limit where the radius of S 1 becomes large R/α ′ ≫ 1 and states carrying non-trivial winding charge become supermassive, the fibration of T 2 over S 1 trivializes and the non-commutative effects are screened.
An Explicit Example: the asymmetric Z 3
Having discussed how non-geometric Scherk-Schwarz F -flux leads to a non-commutative algebra in the internal space coordinates, we will now pick Z 3 as a particular toy example and present the explicit construction of the orbifold and its non-commutative algebra in some detail. As discussed in Section 3.1, the orbifold acts on a T 3 ⊂ T 5 torus as the pure permutation, P IJ (1), defined in (32) . Its eigenvalues are:
We then define the basis Z I that diagonalizes the orbifold action:
and similarly for the fermions Ψ I = U I J (1)ψ J . We, subsequently, fermionize the bosons ∂X I = y I ω I and introduce the new bases
The bosonic currents are then expressed as linear combinations of free bifermion currents:
Furthermore, the internal energy-momentum tensor T B and the worldsheet supercurrent T F close into a consistent Z 3 -invariant N = 1 SCFT, realized entirely in terms of free fermions:
The modular invariant 14 partition function of the model can be easily obtained by working along the lines of Section 3.2:
where h = and the (5, 5)-lattice is expressed in terms of θ-characters as:
The 'modular-balancing' phase is given in terms of the orbifold parameters h, g and the fermionic spin-structures:
The freely-acting asymmetric Z 3 orbifold model we have constructed can be now reinterpreted as a compactification on T 5 × S 1 in the presence of a non-geometric flux:
14 Up to irrelevant τ 2 -factors.
with eigenvalues f 1 = 0, f 2 = 1/3 and f 3 = −1/3. The only non-trivial commutation relation in the Z I -basis is between the complex conjugate pair:
where Θ(x) was defined in (64). Translating this result in the original X I -basis, one readily obtains:
Picking, for example, a state with unit winding n = 1 and reinstating the explicit α ′ -dependence, one can express the non-vanishing commutators as:
with I, J running in the T 3 -directions, parametrized by X 1 , X 2 , X 3 .
Stringy Scherk-Schwarz and Non-Geometric Fluxes
So far, we have reviewed the construction of asymmetric freely-acting Z N -orbifolds acting as permutations with possible reflections on the left-moving T 5 -coordinates, accompanied by a shift in both the momenta and windings of an S 1 . Furthermore, we have shown that the toroidal coordinates become non-commutative due to the asymmetric nature of the orbifold. It is important to note that, in the orbifold picture, the presence of the Q-flux is essentially hidden in the non-geometric monodromy of the worldsheet fields. In this section we will reinterpret this construction by performing a field redefinition that absorbs the non-trivial boundary conditions of the worldsheet fields and translates this asymmetric monodromy (Q-flux) into a non-trivial σ-model flux background. This procedure will be identified with an asymmetric version of the stringy Scherk-Schwarz mechanism, realized by turning on a constant non-geometric flux associated to the U(1) R gauge group of the circle, along the directions of T 5 .
The Symmetric Scherk-Schwarz
Before dealing with the asymmetric case, it will be instructive to first review the stringy realization of the conventional 'symmetric' Scherk-Schwarz mechanism [33, 34, 36] . We will start from the original N 4 = 8 Type II theory on T 5 × S 1 , described by the internal σ-model:
and turn on the following deformation:
where F a IJ is a constant five-dimensional antisymmetric matrix in I, J = 1, . . . , N ≤ 5, valued in the Lie algebra of the U(1) L,R gauge groups generated by the left-and rightmoving (1, 0) and (0, 1)-currents J a andJ a , respectively. In our case, J a andJ a will be identified with the U(1) currents arising from the circle compactification of X on S 1 , namely, J X (z) = i∂X(z) andJ X (z) = i∂X(z), respectively. Notice that the particular form of the perturbation is consistent with the local N = (1, 1) worldsheet superconformal algebra.
The deformation (81) describes a constant field strength F a IJ for the U(1) associated to the circle, in the directions I, J. This can be seen from the bosonic part, F a IJX I ∂X JJ a , of the perturbation by identifying: example fibrations encountered in Section 2. They are now non-trivial compact analogues of Melvin-like fibrations, corresponding to Scherk-Schwarz reduction on S 1 from a higherdimensional flat space, [40] [41] [42] .
The shift in the boundary conditions can be seen by observing that, under:
the redefined worldsheet fermions ψ I are rotated as: 
where n a ,m a are the winding numbers around the S 1 directions and [ a b ] are the fermion spin structures of the (unhatted) fermions before the deformation. For our purposes, it will be sufficient to consider only one such circle (X a ≡ X), leaving the remaining internal coordinates to parametrize the T N ⊆ T 5 . A similar analysis leads to the change in the boundary conditions of the (unhatted) X I -bosons: 
We can now define the basis Ψ (f i ) , Z (f i ) that diagonalizes F a IJ , so that each block describes a complex system of free (super-)coordinates. The remaining real (super-)coordinate is associated to the vanishing eigenvalue in the odd-dimensional case. In this (complex) basis, the boundary conditions are expressed as: 
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